An investment portfolio is a collection of financial assets consisting of investment tools such as stocks, bonds, and bank deposits, among others, which are held by a person or a group of persons. Constructing a portfolio with standardized optimization remains a myth in Ghana and hence this study displayed how the Markowitz model can be applied on the Ghana Stock Exchange and also unraveled the most efficient portfolio among selected stocks to the relief of the investor. Historical monthly data of the stock returns from 2011 to 2016 was used for the study. The study revealed that, GCB Bank limited had the best average returns (returns of 4.2%) with a risk of 13.1% followed by CAL (returns of 3.5%) and 11.7% risk. UGL had the lowest risk (risk of 6.8%) and lowest average returns of 2.1%. A risk lover may go in for GCB and CAL while an investor who is completely risk averse can opt for UGL since it comes with the lowest risk. A two-way combination of the portfolios also concluded that, the most efficient portfolio is the combination of GCB and CAL and recommended that a risk tolerant investor can invest all his assets in GCB while a risk averse investor can invest 39.21% of his assets in GCB and 60.79% in CAL. In terms of expected returns, a combination of CAL and GCB bank limited gives the highest returns of about 3.9% with a risk of 10.6%, followed by the combination of TOTAL and GCB with expected returns of about 3.40% and a high risk of 12.3%. The relatively high expected return of the combination of TOTAL and GCB could not reflect in the Sharpe ratio because of the high level of risk which implies that the portfolio cannot compensate much for this high level of risk. Also, CAL and GCB achieving the highest Sharpe ratio shows that, this portfolio is expected to offer the best compensation for the risk taken by an investor and therefore the most efficient portfolio for investor. The lowest risk (which is what the risk averse investor is interested in) was achieved from the combination of HFC and UGL 
Introduction
Investment activity is essential to the promotion of economic well-being; it is one of the most important economic activities that individuals, businesses and governments undertake. The commitment of resources in anticipation that an affirmative rate of return will be achieved is known as investment (Mensah, 2008) . Major considerations when investing include what to invest in, how much to invest and the level of risk an investor is prepared to bear in order to achieve his/her investment goal. A portfolio is simply a collection of financial assets involving investment tools such as bonds, foreign exchange, stocks, gold, asset-backed securities, real estate certificates and bank deposits which are held simultaneously by one person or a group of persons.
Risk is the probability of the losses one incurred on portfolio investment whiles the return is the profit or benefit one derives from portfolio investment.
Investment is the net worth on long term financial assets such as bonds, shares and mutual funds. Investment risk is most properly understood when it is expressed in statistical terms that consider the entire range of an investment's possible returns. Markowitz states that, the expected return (mean) and variance and standard deviation (risk) of a portfolio are the whole criteria for portfolio selection and construction. These parameters can be used as a possible maxim for how investors need to act. It is interesting to note that, the whole model is based on an economic fact of "Expected Utility". The concept of utility here is based on the fact that different investors have different investment goals and can be satisfied in different ways.
The theory of portfolio optimization is generally associated with the classical mean-variance optimization framework of Markowitz (Markowitz, 1952) . The drawback of the mean-variance analysis is mainly related to its sensitivity to the estimation error of the means and covariance matrix estimation of the returns of the asset. Also, it is argued that estimates of the covariance matrix are more accurate than those of the expected returns (Merton, 1980; Jagannathan & Ma, 2003) .
Several studies concentrates on improving the performance of the global minimum-variance portfolio (GMVP), which provides the least possible portfolio risk and involves only the covariance matrix estimates. The classical mean-variance framework depends on the perfect knowledge of the expected returns of the assets and their variance-covariance matrix. However, these returns are unobservable and unknown. The impossibility to obtain a sufficient number of data samples, instability of data, and differing personal views of decision makers on the (Mulvey & Erkan, 2003; Bawa, Brown, & Klein, 1979) . This estimation risk has shown to be the source of very erroneous decisions; as pointed in (Ceria & Stubbs, 2006; Cornuejols & Tutuncu, 2007) , the composition of the optimal portfolio is very sensitive to the mean and the covariance matrix of the asset returns and agitation in the moments of the random returns can result in the difficulties in constructing different optimization.
Consequently, every investor seeks to maximize their utility (satisfaction) by maximizing expected return and minimizing risk (variance). The Markowitz model could be summarized as follows; Calculate the expected return rates for each stock to be included in the portfolio; Calculate the variance or standard deviation (risk) for each stock to be included in the portfolio; Calculate the co-variance or correlation coefficients for all stocks, treating them as pairs (Fabozzi, 1999) .
Methods of Data Analysis

Data Collection Methods
Secondary data on the monthly returns of selected companies on the Ghana Stock Exchange was collected from the Ghana Stock Exchange database ranging from 2011 to 2016.
Mathematics of the Markowitz Mean-Variance Model
The Markowitz model involves some mathematics, which makes it possible to construct stock portfolio with different combinations where short sale and lending or borrowing might be allowed or not. The Markowitz model is all about maximizing return, and minimizing risk, but simultaneously. We should be able reach a single portfolio of risky assets with the least possible risk that is preferred to all other portfolio with the same level of return. Our optimal portfolio will be somewhere on the ray connecting risk free investment to our risky portfolio and where the ray becomes tangent to our set of risky portfolios. This point has the highest possible slope. In mathematics, optimization refers to the selection of a best element, with regard to certain conditions, from a set of possible alternatives.
Different Approaches for Portfolio Optimization
Even in Mean-Variance framework, there are different approaches when it comes to searching for optimum portfolio of risky asset. In the following lines we will introduce three different approaches, based either on desired expected return and risk or on finding the portfolio with highest reward-to-risk ratio. ST.
where σ is level of portfolio variance, which should not be exceeded.
Similarly, to the first approach, we will arrive to efficient frontier by changing the value of σ. Moreover, it has been proved by (Palmquist, Pavlo, & Uryasev, 2002 ) that, by these optimization approaches we will arrive at the same results.
Thus, we obtain the identical efficient frontier in both cases.
Optimum Portfolio Dependent on Risk Aversion Parameter
There is still a third way how to arrive to the efficient frontier. We can consider a problem proposed by (Sharpe, 1994) .
where λ is risk aversion parameter. By varying λ one can arrive to the same efficient frontier as in two previous cases.
Assumptions of the Markowitz Mean-Variance Model
The Markowitz model has the following assumptions: 1) That an investor is apprehensive with return distribution over a single period.
2) Investors try to maximize the expected return of total wealth.
3) All investors are risk-averse, i.e. they will simply take a higher risk if they are rewarded for higher expected return. The Markowitz approach is often described as a mean-variance method since; it simply takes those two parameters, mean return and variance of return into consideration to characterize the investor's portfolio. The expected return of the portfolio is quantified by the mean return, while the risk of the portfolio is measured by the variance. The variance facilitates simple modeling and also is a good measure of risk under the supposition that returns are normally distributed. The concept established by Markowitz is also centered on maximizing the expected utility of the investor's terminal fortune. The utility function is defined according to the expected return and the standard deviation of the wealth.
The Sharpe's Ratio
This ratio is a measurement for risk-adjusted returns and was developed by Wil-
There is a risk and return characteristics of the portfolio that will change in a non-linear fashion as the weighting of the component assets change. The Sharpe ratio characterizes how well the return of an asset compensates the investor for the risk taken. The higher the returns mean better investment option. 
Risk and Return
The expected returns of portfolio p = ( ) ( )
w denotes the vector of the portfolio weights and the ( ) E r denotes the vector of the expected returns of the portfolio instruments.
where w denotes the vector of portfolio weights and Σ denotes the variance-covariance matrix
where ρ denotes the risk of the portfolio.
Results and Discussion
Statistical Estimation for Each Asset Table 1 presents the six-year period of mean return and standard deviation, the skewness and the kurtosis of the individual assets. Skewness is used in statistics to describe asymmetry from the normal distribution in a set of statistical data. Skewness can come in the form of negative skewness or positive skewness, depending on whether data points are skewed to the left and negative, or to the right and positive of the data average. For a positively skewed data, the mean and the median of the set are both greater than the mode and in most cases, the mean is greater than the median. Thus average higher returns will be obtained for such an investment. Conversely, when data are skewed to the left, the mean and the median are both less than the mode and the mean possibly less than the median. A skewed data indicate deviation from normality. By understanding which way data is skewed, an investor can better estimate whether a given future data point will be more or less than the mean. Many casual equity investors look at the chart of a stock's price and try to make investments in companies that are positively skew, which in the equity markets is a stock price that is greatly skewed positively with possible higher average returns. From the results, the potentially great fortune of GCB can be seen with its positive skewness of 1.667 as it is the second highest behind HFC (with 1.908 skewness) indicating possible higher gains. SCB, GGL, FMGL, PZC and TOTAL yielded negative skewness which indicates losses while the rest of the stocks had positive skewness indicating gains. Kurtosis is a measure of the likelihood that an event occurring is extreme in relation to a given distribution and is often referred to as the volatility.
The higher the kurtosis coefficient is above the normal level (which is 3), the more volatile the future return (thus either extremely large or extremely small).
CAL, EBG and UGL had kurtosis lesser than 3 (they are platykurtic) while the others had kurtosis greater than 3 (are leptokurtic). SCH, FMGL, PZC and TOTAL had kurtosis of 18.308, 18.561, 12.901 and 15.405 respectively which are far above the normal level (3) and imply a high likelihood of their future returns being either extremely large or extremely small.
By investing solely in one of the ten assets, it is not possible to achieve a return more desirable than the asset itself. An investor would prefer a risk/return relationship yielding a high return associated with low risk; however this is not A. I. Logubayom, T. A. Victor Journal of Financial Risk Management possible due to the fact that high return almost always comes with high risk. By constructing a portfolio of the assets, the author strives to reach a return more desirable than any of the assets themselves, a combined portfolio with a minimized risk and a more desirable return.
From the ten companies selected, we considered two-asset portfolio. This yielded 45 possible combinations out of which the most efficient portfolio had to be determined. To do this, equal weights were assigned to each combination to determine the Sharpe Ratio of each of the combinations. The Sharpe ratio tells how well the return of assets compensates for the risk taken and hence the higher the ratio, the better the portfolio. The highest Sharpe Ratio obtained would belong to the best combination as it represents the best combination with the best excess return over the risk of each portfolio. Table 2 gives the 45 asset combinations with their returns, risk and Sharpe Ratios. From Table 2 , the highest Sharpe ratio is ascertained from the combination of CAL and GCB. This portfolio yielded a Sharpe ratio of about 21.6 with a risk of 10.6% and a covariance of 0.007089. This positive covariance implies that both assets move in the same direction. Thus, whenever there is an increase (or a decrease) in the returns of CAL, the returns of GCB also experience an increase (or decrease). CAL and GCB achieving the highest Sharpe ratio implies that, it is the portfolio which is expected to offer the best compensation for the risk taken by an investor and therefore the most efficient portfolio for a rational investor to opt for. In terms of expected returns, the combination of CAL and GCB had the highest of about 3.9% with a risk of 10.6% followed by the combination of TOTAL and GCB with expected returns of about 3.40% and a high risk of 12.3%. The relatively high expected return of the combination of TOTAL and GCB could not reflect in is Sharpe ratio because of the high level of risk which implies that the portfolio cannot compensate much for this high level of risk. Also, the lowest risk (which is what the risk averse investor is interested in) was achieved from the combination of HFC and UGL which is 5.2% with a Sharpe ratio of 6.7% and a covariance of −0.00051. The negative covariance implies that the two assets move in opposite directions. Thus, when one is experiencing an increase in returns, the other is experiencing a decrease in returns. However, the covariance only shows directional relationship between two assets but cannot show the strength of the relationship. It is also sensitive to high volatility (volatile assets include those with returns that are farther from the mean) and hence correlation coefficients is a better measure.
The correlation coefficients show the strength of the relationships between the companies or it measures the extent to which there is a linear relationship between the two assets. The correlation between two assets may be negative (cor-
There is a perfect positive/negative if correlation coefficient of 1 or −1 respectively. Whenever there exists a perfectly positive correlation between two assets, there is no need to diversify because it does not reduce the unsystematic risk whereas a perfectly negative correlation (a correlation coefficient of −1) between Journal of Financial Risk Management Table 3 . The correlation matrix of the stocks. assets implies that a certain combination of these assets can reduce the unsystematic risk to zero (Sharpe, 1994) . From Table 3 , the compounded portfolio has an overall low correlation such that apart from the correlation of an asset by itself which certainly is perfectly correlated, the highest correlation coefficient, 0.462, occurred between CAL and GCB. A compounded portfolio with an overall low correlation is crucial for investors who aim to diversify in order to eliminate unsystematic risk (Sharpe, 1994) . The correlation coefficient between CAL and GCB (0.462) implies that an increase (or decrease) in one of the two will increase (or decrease) in the returns of the other. The correlation coefficient between FMGL and PZC (−0.171) implies that, when the returns of one of them increase, the returns of the other decreases and the reverse is true. There exists a very positive weak correlation (0.005) between FGL and EBG which implies that an increase (or decrease) in the returns of one will only result in a smaller increase (or decrease) in the other. SCB and GGL also had a very weak negative Journal of Financial Risk Management correlation (−0.003) between each other implying that an increase in the returns of one will only result in a smaller decrease in the other and the reverse is true.
Having found the optimal portfolio assuming equal weights, this study applied Excel solver to the optimal weights to maximize the returns, minimizing the risk and maximizing the Sharpe Ratio.
From Table 4 , the expected returns when trying to maximize returns was achieved with 0.00% weight to CAL and 100% weight to GCB with the corresponding returns being 4.27% and 13.1% risk. In trying to minimize risk however, the returns and risk expected were 3.77% and 10.5% respectively with weights given as 60. 
Conclusion and Recommendations
In conclusion, the researcher has been able to estimate the expected returns, standard deviation (risk), skewness and kurtosis of the selected stocks. Based on the Markowitz Mean-Variance analysis, 45 optimal portfolios were generated to it is the portfolio which compensates best for the risk taken by the investor and hence the most efficient portfolio. If an investor invests in this portfolio and allocates equal proportions of his assets to the two stocks, he will still achieve a high expected annual return of 46.32% with the expected annual risk reduced drastically to 36.75% which emphasizes the importance of diversification. If the risk averse investor is informed and he/she opts for the optimal portfolio with least risk (which is the combination of HFC and UGL) instead of singling out UGL for investment, he/she can expect a monthly return and risk of 1.92% and 5.2% respectively with a Sharpe ratio of 6.7 which means that he/she should expect 23.04% annual expected returns with the expected annual risk reduced to 18.0% through diversification. Again the study reveals, that risk is minimized when the weights allocated to the individual stocks that make up the portfolio are adjusted by reducing the weight attached to the riskier stock. When the efficient portfolio was optimized using excel solver (from Table 4 ), it revealed that the monthly expected risk could be reduced to 10.5% when the investor allocates 60.79% of his assets to CAL and 39.21% to GCB but still achieved a monthly 3.77% returns which implies a minimized expected annual risk of 36.4% yielding 45.2% expected annual return. Therefore a risk averse investor who is informed to invest in the efficient portfolio should allocate 60.7% of his assets CAL and 39.2% to GCB and enjoy a 45.2% annual expected returns with a minimal 36.4% risk which offers a far better prospects to the investor compared to naively investing in only UGL or even in the least risk optimal portfolio (HFC and UGL).
It is therefore recommended that, the most efficient portfolio is the combination of CAL and GCB and therefore investors should opt for it. A risk tolerant investor should allocate all his/her assets to GCB while a risk averse investor can allocate 60.79% of his/her assets to CAL and 39.21% to GCB. A risk neutral in-
